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We investigate the dynamics of information in isolated multi-qubit systems. It is shown that
information is in not only local form but also nonlocal form. We apply a measure of local informa-
tion based on fidelity, and demonstrate that nonlocal information can be directly related to some
appropriate well defined entanglement measures. Under general unitary transformations, local and
nonlocal information will exhibit unambiguous complementary behavior with the total information
conserved.
PACS numbers: 03.67.-a, 03.65.Ud, 73.43.Nq, 89.70.+c
I. INTRODUCTION
Understanding the physics of quantum many-body sys-
tems is a fundamental goal of condensed matter theory.
People are interested in the study of strongly correlated
quantum states which will exhibit lots of fascinating phe-
nomena, such as quantum phase transitions [1, 2, 3] and
Kondo effect [4]. In the field of quantum information
processing, quantum many-body systems are also the es-
sential ingredient. Perspective scalable quantum com-
putation [5, 6, 7, 8, 9] and communication [10] schemes
based on different many-body models of condensed mat-
ter physics have have attracted intensive interest. More-
over, unlike the situation of bipartite entanglement, the
picture of multipartite entanglement in quantum many-
body systems is still not very clear [11, 12, 13].
However, the fact that the number of parameters re-
quired to describe a quantum state of many particles
grows exponentially with the number of particles leaves
a practical obstacle to the study of quantum many-body
systems. Therefore most of research focuses on the static
properties of the ground states of certain types of many-
body models with quantum Monte Carlo calculations [14]
and the density matrix renormalization group [15]. In
this paper, we investigate the dynamics of two- and three-
qubit systems from the viewpoint of quantum informa-
tion. Through simple examples, we demonstrate perfect
complementary behavior between local information and
entanglement, and reveal the heuristic connection be-
tween measures of entanglement and nonlocal informa-
tion, which are expected to be generalized to many-qubit
systems.
Given a system of N qubits, the system initial state
is |ψ〉12···N , with ρi = Tr1,··· ,i−1,i+1,··· ,n(|ψ〉〈ψ|) the re-
duced density matrix of each individual qubit. It is
known that information contained in multi-qubit systems
is in two forms [16]. One is local form, that is the informa-
tion content in each individual qubit ρi. The other is non-
∗Electronic address: jmcai@mail.ustc.edu.cn
†Electronic address: zwzhou@ustc.edu.cn
‡Electronic address: gcguo@ustc.edu.cn
local form, that is entanglement between different qubits.
If the multi-qubit system is isolated, i.e. initial pure
and under unitary transformations only, then informa-
tion contained in the system will be transferred between
different qubits and converted between local and non-
local forms with the total information conserved, which
results in the information dynamics [16, 17, 18]. In this
paper, we adopt a measure of local information based on
fidelity and reveal a heuristic connection between mea-
sures of entanglement and nonlocal information. There-
fore, we establish an elegant complementarity relation
between local and nonlocal information. Our results link
the local information and measures of entanglement, par-
ticularly genuine multi-qubit entanglement (i.e. shared
by all the involved qubits). This make it possible to pro-
pose some appropriate information-theoretic measure of
such genuine multi-qubit entanglement [19], which is one
of the most central issues in quantum information theory
[20, 21, 22, 23, 24].
The paper is structured as follows. In Sec II, we in-
troduce the measure of local information based on the
definition of optimal fidelity. In Sec III and IV, we in-
vestigate the information dynamics and demonstrate the
perfect complementary behavior through simple exam-
ples in two- and three-qubit systems. In Sec V, we for-
mulate the information complementarity relation based
on appropriate measures of local information and entan-
glement. In Sec VI are discussions and conclusions.
II. OPTIMAL FIDELITY AND LOCAL
INFORMATION
We start by considering the information content in
one qubit. Suppose Alice get one qubit in the state |ϕ〉
from a random source {|Ω〉, |Ω⊥〉} with the probabilities
{1/2, 1/2}. Alice hold the qubit in state |ϕ〉, and can
exactly eliminate the uncertainty about the state prepa-
ration, i.e. the information content in |ϕ〉 should be 1
bit. If Alice sent the qubit to Bob through quantum
channels, the qubit Bob received becomes ρ = ξ(|ϕ〉〈ϕ|).
If ρ = 12 (I + ~r · ~σ), with ~r the Bloch vector and the
Pauli operators ~σ = (σx, σy, σz), is a mixed state, Bob
can only tell which of the two states that Alice sent to
2him with some success probability, which results from
the information loss through the quantum channels. The
success probability can be characterized by the fidelity
F = 〈ϕ|ρ|ϕ〉 [25]. However, we note that Bob can apply
some kind of physical realizable local strategy to maxi-
mize the success probability. Therefore, we can naturally
define the optimal fidelity as
Fo(ρ) = max
A∈SU(2)
〈ϕ|AρA†|ϕ〉 (1)
Here unitary operation A can be interpreted as some kind
of local strategy for Bob to maximize the success prob-
ability. After simple calculations, it can be seen that
Fo(ρ) =
1
2 (1 + |~r|). The optimal fidelity ranges from
1
2
to 1, i.e. 12 ≤ F0(ρ) ≤ 1. Therefore, Bob hold the qubit
in state ρ can eliminate a part of uncertainty about the
state preparation. The information content in the state ρ
can thus be characterized by the above success probabil-
ity in Eq.(1). In principle any monotone function of the
success probability can serve as a measure of information
content in the state ρ. We introduce a measure of local
information based on the optimal fidelity as
IF (ρ) = [2Fo(ρ)− 1]
2 (2)
where IF (ρ) is normalized such at IF (ρ) = 0 for Fo(ρ) =
1
2 and IF (ρ) = 1 for Fo(ρ) = 1. We will show that IF (ρ)
defined above is equivalent to an operationally invariant
information measure [26] and is a suitable measure of
local information in the situation we discuss here. For an
N -qubit quantum system |ψ〉, the total local information
is
Itotall =
N∑
i=1
IF (ρi) (3)
where ρi = Tr1,··· ,i−1,i+1,··· ,n(|ψ〉〈ψ|) is the reduced den-
sity operator of the ith qubit.
III. TWO-QUBIT SYSTEM
We start out by investigating the information dynam-
ics through simple examples in a system of two qubits
with interaction between qubits. The interaction be-
tween qubits can be described as the following Hamilto-
nian in the canonical form with three parameters c1, c2, c3
[27]:
H = c1σ
1
x ⊗ σ
2
x + c2σ
1
y ⊗ σ
2
y + c3σ
1
z ⊗ σ
2
z (4)
Here, for simplicity, the local evolutions have been ne-
glected. The initial state is set as |ψ(0)〉 = |Ω〉 ⊗ |0〉,
where |Ω〉 = α|0〉 + β|1〉 is some prescribed pure state.
Due to the interaction between two qubits, the informa-
tion will be transferred between two qubits and can also
be converted into the form of nonlocal information.
Ising coupling. We first consider the Ising inter-
action, i.e. the coupling parameter c1 = c, c2 =
c3 = 0. After some time t, the system becomes
|ψ(t)〉 = exp(−itH)|ψ(0)〉 = α cos ct|00〉 − iβ sin ct|01〉+
β cos ct|10〉 − iα sin ct|11〉. Therefore, we can calculate
the local optimal fidelity defined in Eq.(1) F0(ρi, t) =
{1+ [1− |α2−β2| sin2(2ct)]1/2}/2, which will lead to the
total local information as
Itotall (t) = 2[1− |α
2 − β2| sin2(2ct)] (5)
On the other hand, we can obtain the entanglement
contained in the state |ψ(t)〉 measured by 2−tangle,
which is the square of concurrence [28]. After some sim-
ple calculations, we can get
τ12(t) = |α
2 − β2| sin2(2ct) (6)
We depict the dynamics behavior of local information
and entanglement in Fig.(a). It can be seen that these
two quantities exhibit perfect complementary behavior
during the time evolution. In fact, this can be easily
verified from the above Eq.(5-6) by deriving the comple-
mentarity relation that Itotall (t) + 2τ12(t) = 2. It is well
known that entanglement is some kind of nonlocal infor-
mation. Our results in this simple example demonstrate
that based on some suitable definition of local informa-
tion (e.g. IF here), the nonlocal information is directly
related to some appropriate measure of entanglement. In
the following section, we can see that this viewpoint of
entanglement and nonlocal information is also applicable
in three-qubit systems and for arbitrary two-qubit system
Hamiltonian H .
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FIG. 1: (Color online) Information dynamics via Ising inter-
action (a) and XY interaction (b). Total local information
Itotall (t) vs. t (Solid) and nonlocal information 2τ12(t) vs. t
(Dashed). The coupling parameter c = 1, the initial state is
|ψ(0)〉 = (
p
1/3|0〉 +
p
2/3|1〉)⊗ |0〉.
XY coupling. In addition, we also demonstrate the
quantum state information dynamics for XY interac-
tion, when the coupling parameters of the Hamiltonian in
Eq.(4) are c1 = c2 = c, c3 = 0. The result is depicted in
Fig.1 (b), which exhibit the same perfect complementary
behavior as the situation of Ising coupling.
IV. THREE-QUBIT SYSTEM
In this section, we will extend the above discussions
to three-qubit systems. In such a system, not only two-
qubit entanglement but also genuine three-qubit entan-
3glement, which is shared by all the three qubits. There-
fore, the corresponding relation between nonlocal infor-
mation and entanglement should be dealt with carefully.
We consider a simple example for demonstration, the sys-
tem Hamiltonian is
H =
∑
ij
(c1σ
i
x ⊗ σ
j
x + c2σ
i
y ⊗ σ
j
y + c3σ
i
z ⊗ σ
j
z) (7)
The initial state is set as |ψ(0)〉 = |Ω〉 ⊗ |0〉 ⊗ |0〉,
where |Ω〉 = α|0〉 + β|1〉. We first calculate the spec-
trum of the above Hamiltonian H , the eigen energy is
denoted as ǫk (k = 1, 2, · · · , 8) and the corresponding
eigen state is |φk〉. The initial state can be expressed in
the eigen basis as |ψ(0)〉 =
8∑
k=1
γk|φk〉. Therefore, the sys-
tem state at time t becomes |ψ(t)〉 = exp(−itH)|ψ(0)〉 =
8∑
k=1
γke
−iǫkt|φk〉. According to Eq.(1-3), we can obtain
the total local information Itotall (t) easily. The two-qubit
entanglement between qubit i, j (ij = 12, 23, 13) mea-
sured by 2−tangle τij(t) can also be calculated from the
reduced density matrices ρij(t) [28]. As we have men-
tioned above, there will be another form of entangle-
ment besides pairwise entanglement, i.e. genuine three-
qubit entanglement, in systems of three qubits. The gen-
uine three-qubit entanglement can be measured by the
3−tangle τ123(t) proposed in [29]. In order to observe
the perfect complementary behavior between the total
local information and entanglement, we should adopt
some suitable function which combine the contributions
of both two-qubit and three-qubit entanglement. Here
we choose the function as E(t) = 2[τ12(t) + τ23(t) +
τ13(t)] + 3τ123(t) and the information dynamics exhibit
perfect complementary behavior in Fig.(2). In the fol-
lowing section, we can see that the coefficients before τij
and τ123 are not arbitrary. In fact, this function has clear
information-theoretic meaning.
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FIG. 2: (Color online) Information dynamics via Ising inter-
action (a) and XY interaction (b). Total local information
Itotall (t) vs. t (Solid) and nonlocal information E(t) vs. t
(Dashed). The coupling parameter c = 1, the initial state is
|ψ(0)〉 = (
p
1/3|0〉 +
p
2/3|1〉)⊗ |0〉 ⊗ |0〉.
Similar to the situation of two qubits, we can also easily
derive the complementarity relation as Itotall (t) + E(t) =
3. In three-qubit systems, both two-qubit and three-
qubit entanglement are nonlocal form of information.
The above complementary behavior imply that if we
choose suitable measures of local information and dif-
ferent levels of entanglement (e.g. two-qubit and genuine
three-qubit entanglement here), the nonlocal information
is just contributed by the entanglement linearly with ap-
propriate weights. Though we only demonstrate this re-
sult via simple examples, we can see that it is applicable
for any Hamiltonian H of three-qubit systems in the fol-
lowing section.
V. INFORMATION COMPLEMENTARITY
RELATION
In this section, we will formalize the basic informa-
tion complementarity relation underline the above infor-
mation dynamics. We adopt the operationally invariant
information measure proposed by Brukner and Zeilinger
[26] as the measure of local information, which is defined
as the sum of one-shot information gained over a com-
plete set of mutually complementary observables (MCO).
Consider a pure n-qubit state, if measured by opera-
tionally invariant information measure, the total infor-
mation content is n bit and is completely contained in
the system. For a spin-1/2 system with the density ma-
trix ρ, the operationally invariant information content is
IBZ(ρ) = 2Trρ
2 − 1. (8)
Therefore, for an n-qubit quantum system in pure
state |Ω〉, the amount of information in local form is
Ilocal(|Ω〉) =
n∑
i=1
Ii, where Ii is the local information
measured by Ii = IBZ(ρi) =
n∑
i=1
(2Trρ2i − 1), where
ρi = Tr1,··· ,i−1,i+1,··· ,n(|Ω〉〈Ω|) is the reduced density
operator of the ith qubit. The non-local information is
Inon−local = n− Ilocal. We will show that such non-local
information is related to entanglement. In other words,
entanglement can be viewed as non-local form of infor-
mation.
We start by considering the simplest case of a two-
qubit system in the pure state |Ω〉12 =
∑
i,j=0,1
aij |ij〉.
The local information contained in qubit 1 and 2 is
I1 = I2 = 1 − 4|a00a11 − a01a10|
2. Therefore the
non-local information is Inon−local = 2 − I1 − I2 =
8|a00a11 − a01a10|
2. If measured by 2-tangle, which is
the square of concurrence [28], the pairwise entangle-
ment is τ12 = 4|a00a11 − a01a10|
2. Thus we can write
local and non-local information as I1 = I2 = 1 − τ12
and Inon−local = 2τ12. The relation between local infor-
mation and nonlocal entanglement is depicted in Fig. 3
(A).
I1 + I2 + 2τ12 = 2. (9)
If we focus on one qubit, say qubit 1, then the 1 bit in-
formation of this qubit is partly contained in itself, i.e.,
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FIG. 3: (Color online) Information diagram for local infor-
mation and entanglement. (A). two-qubit pure states; (B)
three-qubit pure states. One circle represent one bit informa-
tion.
I1. The residual information is contained in its entan-
glement with its environment, in this case qubit 2. The
amount of this kind of information is τ12. It can be seen
that I1(2) + τ12 = 1. If the system is not isolated, in gen-
eral it will be in a mixed state ρ12. In this case, the 2 bit
information is not only contained in the system but also
in its correlations with the outside environment. There-
fore, I1 + I2+2τ12 < 2 for a mixed state ρ12. This result
can be proved through the convexity of I1, I2 and τ12.
Now we will extend our discussions to the case of three-
qubit systems in a pure state. The total information
content in this system is 3 bit. The local information
contained in each individual qubit is Im = 2Trρ
2
m − 1,
m = 1, 2, 3, where ρm is the reduced density matrix for
each qubit. Different from the two-qubit system, in this
case the non-local information exists not only in 2-qubit
entanglement, but also in genuine 3-qubit entanglement.
It can be written as Inonlocal = 3− (I1 + I2 + I3). Simi-
lar to the case of two-qubit, the nonlocal information in
two-qubit entanglement is Inonlocal(2) = I12+I13+I23 =
2(τ12+ τ13+ τ23), where τij is the 2-tangle between qubit
i and j. Therefore the residual non-local information in
the form of genuine three-qubit entanglement should be
Inonlocal(3) = 3−(I1+I2+I3)−2(τ12+τ13+τ23). We note
that 2τ12 = 2(λ
1
12 − λ
2
12)
2 = (1− I1 − I2 + I3)− 4λ
1
12λ
2
12,
where λ112 ≥ λ
2
12 are the squared roots of the eigen-
values of ρ12ρ˜12. Here ρ˜12 = (σˆy
⊗
σˆy)ρ
∗
12(σˆy
⊗
σˆy)
is the time-reversed density matrix of ρ12. Similarly
2τ13 = (1− I1 − I3 + I2)− 4λ
1
13λ
2
13 and 2τ23 = (1− I2 −
I3 + I1)− 4λ
1
23λ
2
23. Then the residual non-local informa-
tion in the form of genuine three-qubit entanglement is
Inonlocal(3) = 4(λ
1
12λ
2
12 + λ
1
13λ
2
13 + λ
1
23λ
2
23). If measured
by 3-tangle proposed in [29], the genuine 3-qubit entan-
glement is τ123 = 4λ
1
12λ
2
12 = 4λ
1
13λ
2
13 = 4λ
1
23λ
2
23. There-
fore, we can establish a direct relation between nonlocal
information and some appropriate measure of genuine
three-qubit entanglement, i.e. Inonlocal(3) = 3τ123. The
complementarity relation between local information and
entanglement is as follows
I1 + I2 + I3 + 2(τ12 + τ13 + τ23) + 3τ123 = 3. (10)
Here, we present the complementarity relations in the for-
mal information-theoretic framework. If the system is in
a mixed state, the above equation will be replaced by an
inequality, i.e., I1+I2+I3+2(τ12+τ13+τ23)+3τ123 ≤ 3.
If we focus on qubit 1, then the 1 bit information of
this qubit is partly contained in itself (I1). The resid-
ual information is contained in its entanglement with its
environment, i.e., qubit 2 and 3. In fact the relation
I1 + τ12 + τ13 + τ123 = 1 is satisfied for qubit 1. Simi-
lar results hold for qubit 2 and 3. The above results are
depicted in Fig. 3 (B).
If we write the local reduced density matrix as ρ =
1
2 (I + ~r · ~σ), with ~r the Bloch vector, the measure of
local information proposed by Brukner and Zeilinger as in
Eq.(8) IBZ(ρ) = 2Trρ
2−1 = |~r|2. It can be easily verified
that this measure of local information is equivalent to the
measure based on optimal fidelity in Eq.(2), i.e.,
IBZ(ρ) = IF (ρ) (11)
Therefore, the complementarity relations between local
information quantified by IF (ρ) and entanglement and
that between local information based on IBZ(ρ) and en-
tanglement are equivalent in nature. However, it can be
seen from their definitions that IF (ρ) and IBZ(ρ) have
different physical meanings. The local information based
on fidelity IF (ρ) is defined from the viewpoint of quan-
tum communications, while IBZ(ρ) is an operationally
information measure from the measurement viewpoint
[26]. Since the above two complementarity relations are
equivalent, we could obtain that the complementarity re-
lation between local information quantified by IF (ρ) and
entanglement is hold for arbitrary initial pure states. In
particularly, the initial states could be entangled states,
which means that the isolated system contains nonlocal
information initially. Due to the interactions, the en-
tanglement will change, which results in the change of
nonlocal information.
VI. CONCLUSIONS AND DISCUSSIONS
In summary, we adopt a measure of local informa-
tion based on optimal fidelity to investigate the infor-
mation dynamics in two- and three-qubit systems with
interactions between qubits. Through simple examples,
we demonstrate the perfect complementary behavior be-
tween local information and entanglement. We also show
that the measure of local information based on optimal fi-
delity is equivalent to the operationally information mea-
sure proposed by Brukner and Zeilinger. Furthermore,
we establish a direct relation between nonlocal informa-
tion and different levels of entanglement, and formalize
the information complementarity relation by some appro-
priate measures of local information and entanglement.
For two-qubit pure states, using von Neumann entropy
as a measure of local information, there has been a sim-
ilar complementarity relation between local information
and entanglement, which is measured by entanglement of
formation [16]. Here we adopt a measure of local informa-
tion by using linear entropy rather than von Neumann en-
tropy. This is based on the following two considerations.
One is that linearity always implies additivity, which is
5simple and suitable for establishing complementarity re-
lations. The other point is that using linear entropy we
demonstrate that nonlocal information can be directly
related to the polynomial measures of entanglement, i.e.
k-tangle. For the situation of two qubits, 2-tangle is just
the square of concurrence, which is a function of entan-
glement of formation. However, there are no straight-
forward generalization of entanglement of formation to
quantum states of more than two qubits. Therefore, us-
ing linear entropy, it is more simple for us to generalize
the information complementarity relations to the situa-
tions of more two qubits straightforwardly .
Though the relation between nonlocal information and
entanglement is demonstrated for two- and three-qubit
pure states. It is possible to generalize the information
complementarity relation to arbitrary n-qubit pure states
naturally as the following conjecture
∑
i
Ii+2
∑
i1<i2
τi1i2 + · · ·+n
∑
i1<i2<···<in
τi1···in = n (12)
where τi1···ik (k = 2, 3, · · · , n) are some appropriate mea-
sures of genuine k−qubit entanglement. Since nonlocal
information is contributed by different levels of entan-
glement as can be seen from the above discussions, con-
versely we can characterize entanglement through non-
local information. In our recent work [19], we have pro-
posed such an information-theoretic measure of genuine
multi-qubit entanglement, and utilize it to explore the
genuine multi-qubit entanglement in spin systems.
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